We perform a Quantum Monte Carlo study of a spin-balanced two-dimensional cold Fermi gas on an optical lattice, which can be experimentally realized with laser standing waves. The system is modeled with a Hubbard hamiltonian with on-site attractive interaction. At half-filling, when on average one fermion occupies each lattice site, the system displays an intriguing supersolid phase: a superfluid with a checkerboard density modulation. Interfacing unbiased Auxiliary-Field Monte Carlo simulations with state-of-art analytic continuation techniques, we compute the density dynamical structure factor S(q, ω) of the system, in order to characterize the dynamical properties of this supersolid phase. We find evidence of the existence of two collective modes, which we interpret as arising from the two broken symmetries in the system: s-wave pairing superfluidity coexists with a non-uniform local density. The mapping U → −U in the Hubbard model makes these results important for the repulsive model as well. Furthermore, this work paves the way for an investigation of the behavior of the model when we move away from half-filling, either changing the density or introducing a spin polarization. arXiv:1912.06272v1 [cond-mat.quant-gas] 
I. INTRODUCTION
Cold atomic gases provide an unprecedented opportunity to explore many-body physics and unravel phenomena that arise from the interplay among quantum mechanics, quantum statistics and interatomic forces [1, 2] . These gases are unique in the amazing degree of experimental control which is possible over the physical parameters. Different microscopic hamiltonians can be engineered, and the interatomic forces can be tuned through the Feshbach resonance mechanism. The systems can be embedded in several kinds of external fields, including optical lattices [3, 4] and synthetic magnetic fields [5] . This unprecedented control allows us to mimic experimental conditions that can be found in some of the most mysterious systems in the universe, like unconventional superconductors or nuclear matter inside neutron stars, just to mention two examples [6] [7] [8] , by tuning a few easily adjustable parameters to achieve the desired force law and thermodynamic state. Furthermore, we have the unique possibility to explore new phases of matter, like exotic superfluid phases that, in some cases, may even display important topological properties [9] .
One very intriguing phase that can be investigated with cold atoms is the supersolid, where superfluidity coexists with crystalline order. This phase has been an object of speculation for a few decades and was predicted in several theoretical studies going back to the '70s [10, 11] . Historically, the first candidate in the quest for supersolidity in realistic systems was 4 He and a huge interest was triggered in the early 2000s [12] , when several experimental groups were able to detect non-classical rotational inertia in solid 4 He. Unfortunately, follow up experiments supported by the vast majority of theoretical works proved that the ground state of bulk solid 4 He is not a superfluid. We now have strong evidence that 4 He can be found in either a superfluid or a crystalline phase, but the two phases do not coexist [13] . The next candidate is naturally a Bose-Einstein condensate realized with cold atoms. Although, at first sight, the diluteness of such a system appears to rule out the possibility of having a stable crystalline phase, very recently exciting theoretical and experimental results were published clearly indicating the possibility of realizing a supersolid by engineering a combination of a short-range repulsion and a long-range dipolar interatomic potential [14] [15] [16] .
Interestingly, it has been known for quite a long time that a supersolid phase can also be found in fermionic systems. In fact, if we confine a fermionic cold gas, made of Lithium or Potassium atoms, in a quasi two-dimensional geometry where an optical lattice is generated using laser standing waves, it is expected that a supersolid state of matter can be realized if the particle density is accurately tuned in such a way that, on average, we have one fermion in each valley of the optical lattice. This condition is referred to as "half-filling". In the '90s a seminal paper on the two-dimensional attractive Hubbard model, which is known to be an accurate model of the experimental situation described above, predicted the stability of such a phase [17] . Quantum Monte Carlo (QMC) calculations for the attractive Hubbard model at half-filling provided evidence for long range order both in the density-density correlations, implying the system is a solid, and in the pairing correlation, implying a superfluid phase [4, 17] . Incidentally, we mention that numerical simulations predict that the supersolid state realized with cold atoms on an optical lattice is stable only at half-filling, while the crystalline order immediately melts as the particle density is changed [4, 17] .
As it is well known from the the study of 4 He and its celebrated phono-rotonic dispersion relation of density fluctuations, a crucial property of any superfluid is the spectrum of density fluctuations, which is contained in the dynamical structure factor S(q, ω) of the system. The calculation of S(q, ω) for a supersolid twodimensional cold Fermi gas on an optical lattice at zero temperature is the main focus of this paper. We perform the study using cutting edge Auxiliary-Field Quantum Monte Carlo (QMC) techniques [18] interfaced with state of the art analytic continuation techniques [19, 20] . With QMC we perform an exact calculation of the intermediate scattering function in imaginary time; in this context, exact means that we are able to tune the parameters of the methodology in such a way that the systematic error is below the level of statistical uncertainty. We stress that this is quite unique for fermionic systems and is made possible by the particular formulation of the Auxiliary-Field QMC which is free of the celebrated sign problem for the attractive Hubbard model, as long as we study spin balanced systems [21] . In particular, we exploit recent methodological advancements in the Auxiliary-Field QMC technique that allow us to compute exact dynamical correlations in imaginary time with a very favorable scaling as a function of the size of the system [21] [22] [23] . The analytic continuation, which is necessary to estimate properties in real time, in particular S(q, ω), is performed using the Genetic Inversion via Falsification of Theories (GIFT) technique [19, 20] , which has been proved to provide robust results for quantum many-body systems [22, [24] [25] [26] [27] .
Through a comparison with the results for the noninteracting Hubbard model at half-filling, we find evidence that the interaction gives rise to a very interesting well defined collective mode ω(q) emerging from the particle-hole background and resembling a phononic spectrum, clearly suggesting that the particles move coherently in the supersolid phase. The mode has a "rotonic" minimum at q = ( π a , π a ), a being the lattice parameter, whose frequency vanishes in the thermodynamic limit, corresponding to a crystalline checkerboard order. At higher energy, our results are consistent with the existence of an intriguing second collective mode: we interpret the presence of the two modes as a consequence of the two symmetries that are broken in the supersolid phase [33, 34] , and namely the translational symmetry and the U (1) symmetry. The fate of these modes when we move away from half-filling, either changing the density or introducing some spin polarization, will be the subject of future studies.
It is important to observe that, although our main focus is the attractive Hubbard model and its supersolid phase, our results are also very important for the repulsive model: in fact, if we change the sign of the interaction in the Hamiltonian, a well known mapping transforms the supersolid phase into an antiferromagnetic phase, as the particle density is mapped into the spin density. We will discuss this in more detail below. In regard to this, we hope that our results will provide useful benchmarks for other methodologies, both in the realm of many-body theories and in computer simulations.
The paper is structured as follows: in Section II we will introduce the microscopic model of the system and we will briefly describe the Quantum Monte Carlo method, together with the analytic continuation technique. In Section III we will present our results for S(q, ω), together with other important correlation functions for the physical system. In Section IV we will discuss the broad significance of our results and the importance for condensed matter physics. Finally, we will draw our conclusions in Section V.
II. MODEL AND METHOD
We model the system using the two-dimensional Hubbard hamiltonian, describing a collection of structureless fermions with spin 1/2 moving on a lattice, representing the optical lattice which is experimentally realized with standing waves of laser light:
with:n
In Eq. (1), r runs over the sites of a square lattice made of N s = L × L sites, defined by the minima of the optical lattice, while σ is the spin orientation. The first term in the hamiltonian Eq. (1) is the kinetic energy, describing particles hopping among nearest-neighbor lattice sites with amplitude t, while the second term is the on-site interaction, whose strength is given by the parameter U . In this paper, we will focus on the attractive case, and thus U < 0. The symbol r, r means that the sites are nearest neighbor and we will use periodic boundary conditions throughout this paper. The Hubbard model [28, 29] is one of the most widely studied models in atomic physics and in condensed matter physics. Despite its apparent simplicity, no analytical solutions to this hamiltonian are known in more than one dimension. The main purpose of this paper is to compute the dynamical structure factor of the system at zero temperature:
where |Ψ 0 is the ground state of (1), whilen q is the Fourier component of the density of particles:
All the momenta, q and k belong to the first Brillouin zone of the square lattice, [− π a , π a ] × [− π a , π a ]. All the lengths in this paper will be measured in units of a and, therefore, we will set a = 1 from now on. Since our numerical approach requires us to work with finite lattices of linear size L and we choose periodic boundary conditions, the momenta are discretized:
Computing Eq. (3) for a correlated quantum system is a huge challenge: in this work, we will use the cutting-edge Auxiliary-Field QMC technique to sample at the same time both the ground state wave function of the system |Ψ 0 and the propagator in imaginary time exp(−τĤ): this will allow us to compute exactly the intermediate scattering function in imaginary time, as discussed below. We will then use the Genetic Inversion via Falsification of Theories (GIFT) to perform the analytic continuation necessary to compute S(q, ω).
The Auxiliary-Field QMC technique relies on the projection formula:
which allows us to asymptotically project a given approximation |φ 0 to the ground state wave function of the system onto the ground state itself. In (5) E 0 is an estimate of the ground state energy while the approximation |φ 0 is chosen to be a Slater determinant with N ↑ spin-up and N ↓ spin-down particles, such that |φ 0 is not orthogonal to the N p -particle (N p = N ↑ + N ↓ ) ground state | Ψ 0 of (1). In the simplest case, |φ 0 is simply the ground state wave function of the non-interacting Hubbard model. In this work we will focus on the behavior of the model at half-filling, which means that N p = L × L, and without spin polarization, meaning N ↓ = N ↑ . Starting from a Trotter decomposition:
which allows us to rely on the behavior of the propagator for small imaginary time δτ , the Auxiliary-Field QMC method uses an Hubbard-Stratonovich transformation which yields the following expression:
In Eq. (7) the integrations runs over all the possible configurations of an auxiliary field x defined on the lattice: in our case, x is an Ising field, x(r) = ±1. The function p(x) is a uniform probability density on the space of the configurations of the auxiliary field: p(x) = 1 2 Np . An explicit expression for the operatorB(x) appearing in (7) is given by the following [30] :
whereK is the kinetic energy of the Hubbard model,
withn(r) =n ↑ (r)+n ↓ (r) being the particle density operator while cosh(γ) = exp δτ |U |
2
. From the point of view of the physical interpretation, the Hubbard-Stratonovich transformation allows us to map the interacting problem onto an ensemble of non-interacting systems of fermions moving in random external potentials. The average over the ensemble recovers the fully interacting model. From the point of view of implementation, the key point of the methodology is the fact that the operatorB(x) defined in Eq. (8) is the exponential of a one-body operator dependent on the auxiliary field configuration. This implies that the operatorB(x) maps Slater determinants into Slater determinants. This allows the QMC procedure to implement a random walk whose state space coincides with the manifold of Slater determinants with N p particles. Such a random walk opens the possibility to compute expectation values of any physical property, sayÔ, using Monte Carlo integration, relying on the expression:
The "left" and "right" Slater determinants are defined as:
In the simplest implementation of the methodology, we use the non-interacting wave function as the initial wave function:
where ε(k) = −2t(cos(k x ) + cos(k y )) is the dispersion relation of the non-interacting two-dimensional Hubbard model, ε F is the Fermi energy, while the operator:
creates one particle with spin orientation σ in a plane wave e ik·r / √ N s . In the the state |φ 0 , all the orbitals of the particles in the system will be plane-waves. The Slater determinant |φ R , for a given imaginary time dependent configuration of the auxiliary-field (x 1 , . . . , x 2M ) will be obtained from |φ 0 , by applying the product of the operatorsB(x i ) to the plane waves, once for each particle in the system. Similarly we build φ L |. Each Slater determinant |φ is parametrized as Φ = Φ ↑ ⊗ Φ ↓ where Φ σ is a N s × N σ complex matrix, containing all the components r, σ|φ . The matrix elements O are obtained with simple linear algebra manipulations. This is the essence of the QMC method: we randomly sample imaginary time dependent configurations of the auxiliary-field and this allows us to implement a random walk in the manifold of the Slater determinants for N p particles; an average over all the possible random walks yields physical properties of the correlated systems. Several technical improvements can make the technique more efficient, including importance sampling and force bias [21, 31] . The resulting methodology has a very favorable scaling as a function of the size of the system: precisely it scales as O(N 2 p N s ). It important to mention that, for the spin-balanced (N ↑ = N ↓ ) attractive Hubbard model, the method is sign-problem free, which implies that we can compute exact physical properties of the system. By exact we mean that, for a given choice of N p and N s , we can always choose the parameters of the Quantum Monte Carlo run, and namely the time step δτ and the total projection time β = M δτ , in such a way that the systematic error is smaller than the statistical uncertainty for a given computation time. The Auxiliary-Field QMC method can be extended to the calculation of dynamical properties. As described in detail in the papers [22, 23] , it is possible to compute exactly dynamical correlations in imaginary time, like the intermediate scattering function:
without effecting the favorable scaling of the methodology. This is easily achieved since the imaginary time evolution operator e −τĤ is the same operator that allows us to sample the ground state wave function using the projection formula (5), and the same formal manipulations can be applied to it. This results in an efficient algorithm to compute F (q, τ ), with the same complexity that is required by static calculations. We use the intermediate scattering function from Quantum Monte Carlo as an input for the analytic continuation problem, that is needed to estimate the dynamical structure factor S(q, ω) through the relation:
We stress one more time that our calculations of F (q, τ ) are unbiased, as no sign problem exists for the spinbalanced attractive Hubbard model in the framework of the Auxiliary-Field QMC methodology. We use the state-of-art Genetic Inversion via Falsification of Theories (GIFT) [19, 20] method to estimate the dynamical structure factor S(q, ω) starting from F (q, τ ). We improve the accuracy of the procedure by including the fsum rule, which will be discussed in appendix A. This method has been widely employed to study dynamical properties of superfluid 4 He in different dimensionalities [ 19, 20, 24, 26] , normal 3 He [27] , cold atomic systems [22, 25, 32, 33 ] and the Hubbard model [23] , and it is known to provide robust results. In the following section we will present our results.
III. RESULTS
We study the attractive Hubbard model on a square lattice with N s = L×L sites hosting N p particles at halffilling, that is N p = N s and spin balance. The strength of the interaction is chosen to be U/t = −4. Since we target bulk properties, it is crucial to perform size extrapolation, in order to make sure that the size effects are below the level of the statistical uncertainties in the Monte Carlo calculations. In Fig. 1 we plot the energy per site as a function of the linear size, for L = 4, 6, 8, 10, 12, 14, 16. The results clearly show that, within an uncertainty of the order of 10 −3 the energy per site converges to its bulk limit around L = 10. All the calculations that we will present will be for L = 12. All the other parameters of the simulations, like time-step and total projection time are tuned in such a way that the systematic error is below the level of the uncertainties in the Monte Carlo data.
Before presenting our results for the dynamical properties, which are the central product of this work, we present our results about the density correlation and the pairing correlations, defined respectively as:
wheren(r) =ĉ † r,↑ĉr,↑ +ĉ † r,↓ĉr,↓ and:
where the on-site pairing is defined as:
The density correlations, shown in Fig.2 , exhibit clear long-range order. The system is in a crystalline phase, with a checkerboard modulation of the particle of wave vector q = (π, π); that is, the order parameter has the form:
We observe that this is not the trivial order imposed by the optical lattice: it is a density modulation that arises from the interplay between interatomic correlations and nesting of the non-interacting Fermi surface at half-filling, as we we will discuss in more detail below. The pairing correlation is shown in Fig.3 as a function of distance |r| and clearly displays convergence to a nonzero limit:
This indicates the emergence of off-diagonal long range order, corresponding to a superfluid phase. The order parameter n 0 plays the role of a condensate fraction. Intuitively, the singlet-pairs that form in the system as a consequence of the attractive interaction become coherent and form a Bose-Einstein condensate. We observe that the pairs have total spin equal to zero, and thus obey Bose statistics in the limit of strong attraction. The combination of the long-range orders in both the density and pairing correlations is the signature of a supersolid phase, which appears to be the equilibrium state at half-filling. The central result of our paper is the calculation of the dynamical structure factor S(q, ω) of the system in this unique phase. In order to shed light into the physical information contained in S(q, ω), we find it useful to show the results together with the non-interacting exact dynamical structure factor, which we denote S 0 (q, ω) and which is given by:
where ε(k) = −2t (cos k x + cos k y ) is the dispersion relation of the Hubbard model, while ε F is Fermi energy, which vanishes at half-filling due to particle-hole symmetry. The results are shown in Fig. 4 , where the interacting S(q, ω) is shown in the left panel, while the noninteracting S 0 (q, ω) is plotted in the right panel. The momentum runs along the triangle in the first Brillouin zone defined by the vertices Γ = (0, 0), Σ = (0, π), M = (π, π).
The non-interacting dynamical structure factor captures all the particle-hole excitations allowed by the dispersion relation ε(k); we stress that, at half-filling, the Fermi surface is defined by the equation ε(k) = 0 and has a characteristic diamond shape. It displays an important nesting property, related to the wave vector (π, π): if a momentum k belongs to the Fermi surface at half-filling, then k + (π, π) still belongs to the Fermi surface. This is the reason for the fact that S 0 ((π, π), ω = 0) does not vanish: it is possible to transfer momentum (π, π) at zero energy cost. This generates an instability towards a state of modulated density, which becomes stable as soon as we switch the interaction on. The stability of the ordered phase in the interacting system appears very clearly as a peak of S((π, π), ω) at ω = 0. We stress that, as the lattice that we are simulating is finite, the peak at q = (π, π) is at a finite but very small ω and tends to zero in the thermodynamic limit. For the 12 × 12 system, we estimate that the peak has an energy ω(π, π) < ∼ 10 −2 t.
Very interestingly, from the comparison between the non-interacting dynamical structure factor and the interacting S(q, ω) we immediately see that, in the interacting system, most of the spectral weight becomes concentrated around a well defined collective mode ω(q). This mode has a clear phononic shape and displays a "roton" minimum at q = (π, π), which vanishes in the thermodynamic limit and corresponds to the checkerboard crystalline structure of the system. Our data strongly suggest that ω(q) → 0 also as q → 0, although the smallest momentum that we considered is q = ( π 6 , 0) due to the finite size of the lattice. We observe that the mode ω(q) has a broadening, with a width on the order of 0.5 t, which arises from the possible decay of the mode into particle-hole excitations and from uncertainty in the analytic continuation method. We also see an interesting higher energy branch, carrying smaller spectral weight; the existence of two modes can be expected in a supersolid [33, 34] if we consider that the system is breaking at the same time translational symmetry, giving rise to the crystalline order, and U (1) symmetry, giving rise to the pairing order. The intensity of the higher energy mode appears to be very small close to q = (π, π), which can be a consequence of its decay in the particle-hole continuum. We also notice, in the interacting system, an evident depletion of the particle-hole continuum below the coherent mode, which thus cannot decay into simple particle-hole excitations.
This mode ω(q), together with the higher energy mode, emerging from the broad particle-hole continuum typical of a non-interacting fermionic system as we switch on the interatomic interaction is a spectacular manifestation of quantum coherence. As soon as the particles start to attract each other, the fermions start to organize in pairs. These pairs form a Bose-Einstein condensate and the coherent fluid of pairs organize in a spatially modulated density pattern. The modes that we found describes the low energy dynamics of this very unique quantum system.
Finally, in Fig. 5 we show our result for the density response function:
where n is the particle density, equal to one in our case. Physically, χ(q) is the linear response function describing the response of the particle density to an external potential trying to impose to the system a density modulation with wave-vector q. The function appears to be smooth as a function of q, apart from the divergence at q = (π, π), which is the momentum of the checkerboard crystalline order. We comment that the value χ(π, π) that we obtain is large but finite, as we are simulating a finite system; χ(π, π) diverges in the thermodynamic limit.
IV. DISCUSSION: RELEVANCE FOR REPULSIVE MODELS
We would like to take the opportunity here to stress that our results are not only significant for the attractive Hubbard model, and thus to the supersolid phase that can be realized with cold atoms on an optical lattice, but they are also relevant for the repulsive Hubbard model. In fact, if we consider the partial particle-hole transformation defined as:
where (−1) r = (−1) x+y if r = (x, y) and we focus on the model at half-filling, the hamiltonian preserves the form (1) with U → −U . This can be easily proved by taking into account the fact that the square lattice is a bipartite lattice, through the following simple algebraic manipulations: 
where in the last step we used the fact that we are at half-filling and that we work in the sector of the Hilbert space with N ↑ = L 2 2 . We observe that the fluctuation of the particle density is mapped onto the spin density along z direction, perpendicular to the plane, since:
Also, the on-site pairing is mapped onto the (staggered) spin density along x-direction, in-plane, since:
The important message is that our calculations provide exact results for the repulsive Hubbard model at half-filling. The superfluid phase that we detect in the attractive model from the pairing correlation function is mapped onto an antiferromagnetic order in the xdirection, in-plane. The crystalline phase, which we detect from the density correlation functions is mapped onto an antiferromagnetic order in the z-direction, perpendicular to the plane. Finally, the dynamical structure factor is mapped to the spin structure factor in the z-direction, and the collective modes that we found give information about the spectrum of spin density modulations in the repulsive system. We expect that our results provide important benchmarks also for the repulsive model, where several methodologies, like for example, just to mention a few, dual-fermions approaches [35] , several generalization of dynamical mean field theories and slave bosons [36] are systematically used due to the importance of the model for unconventional superconductors. In particular, as most of the above mentioned methods work at finite temperature, our results can provide very useful benchmarks for the zero-temperature limit which, in general, is very hard to study using finite temperature approaches.
Before drawing our conclusions we would like to stress an important point: in the repulsive model, we expect that in the bulk limit, due to isotropy, there is a degeneracy in the ground state corresponding to the possibility of rotating the antiferromagnetic order parameter through any angle. More formally, the model has SU (2) symmetry. Practically, we can have antiferromagnetic order with order parameter pointing along arbitrary directions is space. If we now consider the mapping U → −U and go to the attractive model, the above mentioned symmetry unveils an interesting symmetry between crystalline order, which would correspond to antiferromagnetic order along z direction and superfluid order, which would correspond to antiferromagnetic order along x direction. In the supersolid phase both orders are present at the same time, which corresponds to antiferromagnetic order in the xz plane. This is very important as it makes the landscape fertile for novel exotic phases which may appear when we move from half-filling, either changing the particle density or breaking the spin balance. We plan to investigate this in future studies, both from the static and the dynamical point of view. This may pave the way for deep insights into the physics of pairing, with important applications both in cold atoms and in condensed matter physics.
V. CONCLUSIONS
We used an exact methodology to sample the ground state of the attractive Hubbard model at half-filling. We computed density and pairing correlations in the bulk limit and confirmed the existence of a supersolid phase, with long-range order both in the density correlations, corresponding to a crystalline checkerboard order with wave vector q = (π, π) and in the on-site pairing correlations, corresponding to a superfluid phase. Our central result was the study of the spectrum of density correlations of the system: we were able to compute exactly the intermediate scattering function in imaginary time and we used the state-of-art GIFT method to perform the analytic continuation necessary to obtain an estimation of the dynamical structure factor S(q, ω). In order to shed light into the dynamical properties of the supersolid phase, we found useful to show a comparison with the non-interacting dynamical structure factor at the same density. We found interesting collective modes which arises when the interactions are switched on: one lower energy mode ω(q) which clearly vanishes at q = (π, π) and a higher energy branch, carrying less spectral weigh: we interpret the two modes as related to the two symmetry breaking mechanisms that take place at the same time, leading to crystalline order and superfluidity. Although finite size effects do not allow us to have access to the limit q → 0, we expect that ω(q) will vanish in that limit and the data appear to be consistent with this. Apart from the intrinsic interest of the supersolid phase that can be realized in fermionic cold atoms, we hope that our results will serve as useful benchmarks for correlated approaches to quantum systems, as our calculations in imaginary time are unbiased, which is a very rare finding in many-body problems. Moreover, we expect that the relevance for repulsive models, together with the relevance of the Hubbard model in material science, will stimulate further research aiming at characterizing dynamical properties of many-body systems. Finally, we plan to investigate, in future studies, the behavior of the model as we move away from half-filling. In particular, we would like to allow the particle density to change, in order to see if there may be a density modulated phase which becomes stable at some values of the filling, and to break the spin balance, which is expected to allow the system to develop highly nontrivial pairing mechanisms, related to exotic phases like the Fulde-Ferrel-Larkin-Ovchinnikov phase.
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In order to derive (A2) we start from the expression: 
is the Fourier transform of the local density of the particles. From (A5) we immediately conclude that:
This equality through simply algebraic manipulations can be recast as:
The main result (A2) follows from the simple but lengthy explicit evaluation of the commutators. The possibility to compute the first moment M 1 (q) is important for the analytic continuation procedure, as it allows us to improve the constraints in the GIFT method. The relation between the f -sum rule and the intermediate scattering function rests on the following equality: ∂ ∂τ F (q, τ = 0) = −M 1 (q) .
(A9) We find useful to show in Fig. 6 that this relation is satisfied by our QMC calculations, this being a further crosscheck for the accuracy of QMC. In fact, although there is no sign problem, making the results unbiased, the calculation of F (q, τ ) requires the sampling of the imaginary time evolution, while M 1 (q) just requires static calculations, which are more straightforward. Relation (A9) provides a useful additional verification of the accuracy of the evaluation of F (q, τ ).
